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Introduction:

data-driven modal decomposition techniques



Dynamic Mode Decomposition
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Matrix factorization techniques
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Dynamic Mode Decomposition
Temporal data sequence acquired at a fixed sampling frequency 1/at

Arrange data in a (typically) tall and skinny matrix
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Dynamic Mode Decomposition
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Dynamic Mode Decomposition
Temporal data sequence acquired at a fixed sampling frequency 1/at

Arrange data in a (typically) tall and skinny matrix

Snapshols

“reshape”

PJ. Schmid, J. Fluid Mech., vol. 656, 2010
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Dynamic Mode Decomposition
From the complete data set

ng Tip X T
Vlf — [v].t V2, ...y V1, Vm] & R 77

|dentify data subsequences as:

V?llt_l = [Vl: Wiy vy V?lt—l] = X and V;f = [VQ: V3y «vvs Vi1, vnt] = Y

Assume a linear relationship:

V(1) = AV(tk)

Koopman assumption




Dynamic Mode Decomposition
From the complete data set

n: Tip X Tt
Vi* = [V Vop om0 Vigon Vi € R

|dentify data subsequences as:

VTt_l == [Vl_-. Wilky s Vﬂ:f—l] = X and ng — [V'E: V3y «vvs Vi1, V”t] =Y

Assume a linear relationship:

V= 4 VT
A € R"*"p



Dynamic Mode Decomposition

How does one identify A? Well, you don’t need to.
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P.J. Schmid, Dynamic Mode Decomposition of numerical & experimental data, J. Fluid Mech., vol. 656, 2010.
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Dynamic Mode Decomposition

How does one identify A? Well, you don’t need to.
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The columns of L, => Left Singular Vectors (some consider these as POD modes

... if the temporally averaged state is substracted)

P.J. Schmid, Dynamic Mode Decomposition of numerical & experimental data, J. Fluid Mech., vol. 656, 2010.
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Dynamic Mode Decomposition

Assumption A conveys most of the information codified in A

Dynamic modes and Ritz values are obtained via eigendecomposition

—
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Dynamic Mode Decomposition
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Credit: Dynamic Mode Decomposition: Data-Driven Modeling of Complex Systems (Brunton & Kutz)




Database: Rep=100 flow around a cylinder




Database: Rep=100 flow around a cylinder

“Gentle” problem.




Database: Rep=100 flow around a cylinder
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Database: Rep=100 flow around a cylinder
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Database: Rep=100 flow around a cylinder
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Database: Re;=100 flow around a cylinder
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St
Dynamic Mode Decomposition: Data-Driven Modeling of Complex Systems (Brunton, Kutz, et al.)

M.R. Jovanovic, P.J. Schmid, J.W. Nichols, Sparsity-promoting dynamic mode decomposition, Phys. Fluids, vol.

26 (2), 2014.



Database: Re;=100 flow around a cylinder

Method Reconstruction error Computing time [s
Companion DML N.A. 4.72 x 1072
a=>"v, 1.64 x 107° 1.85

1min

o ||Ct —W D, V,

586 % 10 6.53 x 10~

Dynamic Mode Decomposition: Data-Driven Modeling of Complex Systems (Brunton, Kutz, et al.)

M.R. Jovanovic, P.J. Schmid, J.W. Nichols, Sparsity-promoting dynamic mode decomposition, Phys. Fluids, vol.
26 (2), 2014.
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Dynamic Mode Decomposition can be understood both

* as a data-driven modal decomposition technique, and

* as matrix factorization technique

This leads to connections with other decomposition techniques:

FFT, Spectral POD, multi-scale POD, multi-resolution DMD ...

B. Begiashvili et al., Data-driven modal decomposition methods as feature detection techniques for flow problems:
a critical assessment, Phys. Fluids 35, 041301 (2023).
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SVD/DMD are both matrix factorization techniques

ne—1 ‘?1' D T i
Vi Ly So Ry = ‘?[}; ly; - 1p ]

1

Matrix L,: Left Singular Vectors (space, real), LH L, =1, =
Matrix Sy: Singular Values (energy, real)
Matrix R,: Right Singular Vectors (time, real, mixes frequencies), RHRy =1,



SVD/DMD are both matrix factorization techniques

4 i“””iﬁnﬁvﬁ_ n_,qa w

i=1

Matrix ®: Dynamic Modes (space, complex)
Matrix Dq: Amplitudes (complex unless careful, meaning? importance?)
Matrix M;: Vandermonde matrix (time, complex, distinct frequencies)



SVD/DMD are both matrix factorization techniques
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Alleviating the computational cost
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There are (n,) many spatial points in the system;

most of them will have coherent temporal variations.

Can few data points be representative of
the whole database temporal behaviour?

Space

Yes!

Those representative data points can be identified using
clustering algorithms (Unsupervised Machine Learning).

Time

Guéniat, Mathelin & Pastur, Phys. Fluids, vol. 27 (2), 2015.
Li, Garicano-Mena, Zheng & Valero, Energies, vol. 13 (9), 2020.
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How can one identify those modes that have a most representative temporal variation?

Group those points that have comparable pdf's.

Guéniat, Mathelin & Pastur, Phys. Fluids, vol. 27 (2), 2015.
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Group those points that have comparable pdf's.

It is not easy to identify a pdf from discrete data, though.
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How can one identify those modes that have a most representative temporal variation?

Group those points that have comparable pdf's.

It is not easy to identify a pdf from discrete data, though.

Take N, statistical moments as representative of the pdf.

Guéniat, Mathelin & Pastur, Phys. Fluids, vol. 27 (2), 2015.



Spatially Agglomerated DMD analysis
1. Compute the first N (estimated) statistical moments, with 1 < NM < Ny
2. Arrange those moments into matrix M e R" XNM
3. Spatial Agglomeration
feed Mto clustering algorithm

retrieve reduced database

4. Perform DMD analysis on spatially reduced database
retrieve Ritz values & DMD modes

5. Reconstruct original DMD modes

Guéniat, Mathelin & Pastur, Phys. Fluids, vol. 27 (2), 2015.



Algorithms Complexity FParameters

K-Means (scikit-learn) Spatial: E}{HI,.I:J‘:‘.I_‘_IJ + 1) ). Temporal: O(n,n,1). -

Mini-batch K-Means (scikit-1learn) See above. -

K-Means (SciPy) See above. -

K-Means++ (SciPy) See above. -

DBSCAN (scikit-learn) Spatial: O(ny ). Temporal: El'(uf,r,;}. Ay = 2.2, Wi = 2.
HDBSCAN (HDBESCAN) Spatial: O{n,Na). Temporal: O(n;Ny). Hoin = 2.

C-Means (SciPy/skfuzzy) Similar to K-means, affected by fuzzifier [45]. Neopsetsr = 250, Inaxe = 1000.
Gaussian Mixture (scikit-learn) Spatial: O(npkg f‘:’i{]. Temporal: O(npkg ﬁ'i,j} [46,47). kg = 50.

Mean Shift (scikit-learn) Spatial: {i}{n,..ﬂm}. Temporal: E'-’I_'ﬂi!,‘l [48]. BW = 15000/ n,.
Affinity Propagation (scikit-learn) Spatial: O(n3). Temporal: ﬂ(u‘éf]. -

Agglomerative Clustering (scikit-learn) Spatial: E}{rri;:l .__"l'empnral: EJI:H'P:I. B flag = average.
BIRCH (scikit-learn) Spatial: O{n,Nyy). Temporal: O{ny Ny ). -

Li, Garicano-Mena, Zheng & Valero, Dynamic Mode Decomposition Analysis of Spatially Agglomerated Flow
Databases, Energies, vol. 13 (9), 2020.
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Database: Rey;=60 flow around a cylinder
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Rep = 60 cylinder flow: Evolution of lift coefficient C; from equilibrium steady solution to

the limit cycle.



Database: Rey;=60 flow around a cylinder
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Rep = 60 cylinder flow: C; vs time and associated FFT spectrum.



Database: Rey=60 flow around a cylinder

1.0 +
0154
0504
0.25 1

O
+

eigenvalues
Selected modes o
Unit circle

=1:5

-10 -05 00 05 1.0
real(u)

DMD spectrum (Ritz values)

1.5




(@) Mode 0: f = 0.00, o = 5.06 x 10~°

(c) Mode 3-4: f = 17.97,0 = 3.60 x 1073 (d) Mode 5-6: f = 26.95,0 = 1.57 x 103

Rep = 60 cylinder flow: most relevant DMD modes, and corresponding frequencies and
growth rates.



Database: Rey;=60 flow around a cylinder
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Database: Rey;=60 flow around a cylinder

L —— 1K-Means (scikit-learn) —— 1K-Means (scikit-learn)
10-1- ‘P - @ - 2Mini-batch K-Means 10%- - - 2Mini-batch K-Means
\ —¥ - 5DBSCAN : —¥ - sDBSCAN

<& sHDBSCAN
—4— 8Gaussian Mixture
»-11Agglomerative Clustering
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—4— gGaussian Mixture
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1044
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— T IR B R
103 102 101 10°
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(a) Ef

Rep = 60 cylinder flow: Normalized errors ¢ (Eq. (12)) and ¢, (Eq. (13)) committed on
capturing the top 4 frequencies f; and corresponding growth rate o; with different clustering algorithms
over spatial reduction n, /n, < 1.



Database: Rey;=60 flow around a cylinder

| e 1K-Means (scikit-learn)
1034 —®-2Mini-batch K-Means
- - 5DBSCAN
: k- BHDBSCAN
2 —&— gGaussian Mixture
10 E 11Agglomerative Clustering #
e ] ———— A A— 1
101 -
109 4
103 102 1071 10°

Np/Np

Rep = 60 cylinder flow: time invested (in seconds), for different clustering algorithms
(averaged over 10 realizations).



Database: Rey;=60 flow around a cylinder
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(a) K-means, ﬁ;/HP = 0.1% (e = 4.26 x (b) DBSCAN, ﬁ;fnp = 01% (gf =
103, g, =4.23 x 10~°). 0.31,¢, = 5.37).

Rep = 60 cylinder flow: The distribution of centroids/cores from different clustering

algorithms, with spatial reduction 1, /1, < 0.4%.



Database: Rey;=60 flow around a cylinder
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(c) Gaussian Mixture, .ﬂ,;’fzp = 0.4% (ef = (d) Gaussian Mixture, fﬂjfnp =0.1% (gf =
420 x 1073,¢, = 5.02 x 1073) (.55, s, = 14.5).

Rep = 60 cylinder flow: The distribution of centroids/cores from different clustering

algorithms, with spatial reduction n, /1, < 0.4%.



Database: Re=3600 turbulent channel flow

Domain and system of reference for the channel flow problem. The domain
Is periodic along x and z directions; bulk flow is along x direction.
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Database: Re=3600 turbulent channel flow

Not so “gentle” problem.

Multi-scale!

Domain and system of reference for the channel flow problem. The domain
Is periodic along x and z directions; bulk flow is along x direction.



Database: Re=3600 turbulent channel flow
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Constant flow rate
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Database: Re=3600 turbulent channel flow

(o ’)
Small” database
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Database: Re=3600 turbulent channel flow

33.3% - B Mini-batch K-Means
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Rer = 200 turbulent channel flow: distribution of centroids along y"’ for different

agglnmera tion stra tegiEE..



Re ~36OO TCF Composite DMD
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angular pulsation J(A;).
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Composite DMD

Temporal data sequence acquired at a fixed sampling frequency 1/at
Arrange data in a (typically) tall and skinny matrix
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PJ. Schmid, J. Fluid Mech., vol. 656, 2010



Composite DMD

Temporal data sequence acquired at a fixed sampling frequency 1/a ¢
Instantaneous datalgroups two (or more) different variables |
Into single column vector v(ix)

Arrange data in a (typically) tall and skinny matrix

0 N H B
H B H B
H B a B
yi_ | @ ® "
L BN a B
H B a B
H B H B
OICICICR
v(lp) Vv(t) V(tn, —1) ¥(tn;)

T. Sayadi et al. , J. Fluid Mech., vol. 748, 2014



Composite DMD

12 ]
Cr= —— +12/2(1y)<u"v"> dy
Ffeb 0
\\/'_/ A b _
Laminar Turbulent

Applies to fully developed turbulent channel

K. Fukagata, K. lwamoto and N. Kasagal, Phys. Fluids vol. 14, 2002



Composite DMD

Analysis on composed Cq(t, )& u'v'(r, t,) fields

pi = ((pl ' eCf)“f

1,

P 5.1 b 1 nAL
(W) () = ——= D ailgi - (¢ ec e ) édt
0

Hgﬂ Ij i=1

Garicano-Mena, Li, Ferrer & Valero, A composite dynamic mode decomposition analysis of turbulent channel
flows, Phys. Fluids, vol. 31, 2019.
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(a) Standard channel DMD spectra (b)

obtained from analysis based on u'v’
and composite Cr-u’v’ snapshots: (a) p-

plane representation with

locus |u| =

in dashed line, and (b) amplitude |e;| vs

angular pulsation J(A;).
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Standard channel DMD spectra obtained from analysis based on v’v’ and
composite Cg-u’v’ snapshots: amplitudes |a;|/|amax| @and |Bi|/|Pmax| vs angular
pulsation J(A;).
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Database: Re=3600 turbulent channel flow

7 : o = (b) Mini-Batch K-means.
(a) Complete database.

Rer = 200 turbulent channel flow: DMD reconstruction of the field --—-r—-“‘:f'} (T z")



Database: Re=3600 turbulent channel flow

= (d) Gaussian Mixture. (e) Random Sample.
(a) Complete database.

Re; = 200 turbulent channel flow: DMD reconstruction of the field -—1—{'::#} §IFE i K
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DMD analysis applied on Spatially Agglomerated Databases
allows effective reduction of computational costs

while retaining accurate results.



Spatial Agglomeration & DMD

DMD analysis applied on Spatially Agglomerated Databases
allows effective reduction of computational costs

while retaining accurate results.

Succesful example of combination of
(Unsupervised) Machine Learning Algorithms

&
data-driven modal decomposition techniques.

Li, Garicano-Mena, Zheng & Valero, Dynamic Mode Decomposition Analysis of Spatially Agglomerated Flow
Databases, Energies, vol. 13 (9), 2020.
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Conclusions

Data-driven modal decomposition techniques = matrix factorization:

SVD (POD) is univoquely defined,
but mixes frequencies.

DMD identifies distinct frequencies,
but needs solving an optimization problem.
Fortunately, a closed solution is available.
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Potentially expensive & large memory footprint.



Conclusions
Computational cost of Data-driven modal decomposition analysis:
Potentially expensive & large memory footprint.
Strategies to alleviate the computational cost available:

- Spatial Agglomeration,
- Memory-distributed parallelism (not discussed today).
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Conclusions

More sophisticated variants available:

Higher-Order SVD (tensor formulation):
very robust against noise.

Higher-Order DMD:
uses a generalized, d-lagged Koopman assumption
capable of unravel very complex dynamics.

V(1) = AV(tk)

V(tra) = A1 V() + Ao V(tki1) - - - + Ag V(tkra—1)



Conclusions

More sophisticated variants available:

Higher-Order SVD (tensor formulation):
very robust against noise.

Higher-Order DMD:
uses a generalized, d-lagged Koopman assumption
capable of unravel very complex dynamics

Applications also beyond fluid dynamics,
e.g. Medical Imaging (echocardiography videos, MRI data)

Groun, Le Clainche et al., Higher order dynamic mode decomposition: From fluid dynamics to heart disease

analysis, Computers in Biology and Medicine, Vol 144, 2022.
Groun, Le Clainche et al., A novel data-driven method for the analysis and reconstruction of cardiac cine MR,

Computers in Biology and Medicine, Vol. 151, 2022.
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Conclusions

More sophisticated variants available:

Higher-Order SVD (tensor formulation):
very robust against noise.

Higher-Order DMD:
uses a generalized, d-lagged Koopman assumption

capable of unravel very complex dynamics.

Combination with Neural Network technology.

No restriction on data origin.



Objectives of this talk?

1) Describe classical Dynamic Mode Decomposition (DMD)
2) DMD as one of many data-driven modal decomposition techniques
3) DMD as a matrix factorization technique

4) Accelerating DMD methods
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